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Surface Geometry of 5D Black Holes and Black Rings
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Theoretical Physics Institute, University of Alberta, Edmonton, Alberta, Canada, T6G 2G7∗
(Dated: March 10, 2019)
We discuss geometrical properties of the horizon surface of five-dimensional rotating black holes
and black rings. Geometrical invariants characterizing these 3D geometries are calculated. We
obtain a global embedding of the 5D rotating black horizon surface into a flat space. We also
describe the Kaluza-Klein reduction of the black ring solution (along the direction of its rotation)
which relates this solution to the 4D metric of a static black hole distorted by the presence of
external scalar (dilaton) and vector (‘electromagnetic’) field. The properties of the reduced black
hole horizon and its embedding in E3 are briefly discussed.
PACS numbers: 04.70.Bw, 04.50.+h, 02.40.Ky Alberta-Thy-17-06
I. INTRODUCTION
Black objects (holes, strings, rings etc.) in higher di-
mensional spacetimes have attracted a lot of attention
recently. The existence of higher than 4 dimensions of
the spacetime is a natural consequence of the consistency
requirement in the string theory. Models with large extra
dimensions, originally proposed to solve such longstand-
ing fundamental ‘puzzles’ as the hierarchy and cosmo-
logical constant problems, became very popular recently.
In these models mini black holes and other black objects
play a special role serving as natural probes of extra di-
mensions. This is one of the reasons why the questions
what kind of black objects can exist in higher dimen-
sions and what are their properties are now discussed so
intensively.
Higher dimensional generalizations of the Kerr met-
ric for a rotating black holes were obtained quite long
time ago by Myers and Perry [1]. In a D-dimensional
spacetime the MP metrics besides the mass M contain
also [(D− 1)/2] parameters connected with the indepen-
dent components of the angular momentum of the black
hole. (Here [A] means the integer part of A.) The event
horizon of the MP black holes has the spherical topol-
ogy SD−2. This makes them in many aspects similar
to the 4D Kerr black hole. According to the Hawking
theorem [2] any stationary black hole in a 4D spacetime
obeying the dominant energy condition has the topology
of the horizon S2. Black hole surface topologies distinct
from S2 are possible if the dominant energy condition
is violated [3]. Moreover, a vacuum stationary black is
uniquely specified by its mass and angular momentum.
Recent discover of black ring solutions [4]-[7] demon-
strated that both the restriction on the topology of the
horizon and the uniqueness property of black holes are
violated in the 5D spacetime.
In this paper we discuss the geometry of the horizon
surfaces of 5D black rings and a 5D black holes with one
∗Electronic address: frolov@phys.ualberta.ca; Electronic address:
goswami@phys.ualberta.ca
rotation parameter. A similar problem for the 4D ro-
tating black holes was studied in detail by Smarr [12].
We generalize his approach to the 5D case. After a brief
summary of known properties of 3D round spheres and
tori in the flat 4D space (Section 2) we consider a geom-
etry of 3D space which admits 2 orthogonal commuting
Killing vectors (Section 3). In particular we calculate its
Gauss curvature. In Section 4 we apply these results to
the horizon surface of 5D rotating black hole with one ro-
tation parameter. The embedding of this 3D surface into
the flat spacetime is considered in Section 5. The horizon
surface geometry for a 5D rotating black ring is discussed
in Section 6. This Section considers also a Kaluza-Klein
reduction of the black ring metric along the direction of
its rotation which maps this solution onto a black hole
solution of 4D Einstein equations with the dilaton and
‘electromagnetic’ fields. The geometry and embedding
of the horizon in the E3 for this metric is obtained. Sec-
tion 7 contains the discussion of the results.
II. SPHERE S3 AND TORUS S2 × S1 IN E4
A. Sphere S3
In this section we briefly remind some known proper-
ties of a 3D sphere and a torus in a flat 4D space.
Consider 4-dimensional Euclidean space E4 and denote
by Xi (i = 1, . . . , 4) the Cartesian coordinates in it. A
3-sphere consists of all points equidistant from a single
point Xi = 0 in R
4. A unit round sphere S3 is a surface
defined by the equation
∑4
i=1X
2
i = 1. Using complex
coordinates z1 = X1 + iX2 and z2 = X3 + iX4 one can
also equivalently define the unit 3-sphere as a subset of
C2
S3 =
{
(z1, z2) ∈ C2| |z1|2 + |z2|2 = 1
}
. (1)
We use the embedding of S3 in C2 to introduce the Hopf
co-ordinates (θ, φ, ψ) as,
z1 = sin(θ)e
iφ ; z2 = cos(θ)e
iψ . (2)
Here θ runs over the range [0, π/2], and φ and ψ can take
any values between 0 and 2π
2metric on the 3-sphere is
ds2 = dθ2 + sin2 θdφ2 + cos2 θdψ2 . (3)
The volume of the unit 3-sphere is 2π2. Coordinate lines
of φ and ψ are circles. The length of these circles take
the maximum value 2π at θ = π/2 for φ-line and at
θ = 0 for ψ-line, respectively. These largest circles are
geodesics. Similarly, the coordinate lines of θ coordinate
are geodesics. For the fixed values of φ = φ0 and ψ = ψ0
and θ ∈ [0, π/2] this line is a segment of the length π/2
connecting the fixed points of the Killing vectors ∂φ and
∂ψ. Four such segments φ = φ0, φ0 + π, ψ = ψ0, ψ0 + π
form the largest circle of the length 2π.
The surfaces of constant θ are flat tori T 2. For in-
stance, θ = θ0 can be cut apart to give a rectangle with
horizontal edge length cos θ0 and vertical edge length
sin θ0. These tori are called Hopf tori and they are pair-
wise linked. The fixed points of the vectors ∂φ and ∂ψ
(θ = 0 for ∂φ and θ = π/2 for ∂ψ) form a pair of linked
great circles. Every other Hopf torus passes between
these circles. The equatorial Hopf torus is the one which
can be made from a square. The others are all rectangu-
lar. Also we can easily see that the surfaces of constant
φ or constant ψ are half 2-spheres or topologically disks.
B. Torus T 3 = S2 × S1
The equation of a torus T 3 = S2 × S1 in E4 is
X21 +X
2
2 + (
√
X23 +X
2
4 − a)2 = b2 . (4)
The surface T 3 is obtained by the rotation of a sphere S2
of the radius b around a circle S1 of the radius a (a > b).
Let us define toroidal coordinates as
X1 =
α sin θˆ
B
cosφ , X2 =
α sin θˆ
B
sinφ ,
X3 =
α sinh η
B
cosψ , X4 =
α sinh η
B
sinψ , (5)
where B = cosh η − cos θˆ. The toroidal coordinates
(η, θˆ, φ, ψ) change in the following intervals
0 < η <∞ , 0 ≤ θˆ ≤ π , 0 ≤ φ, ψ ≤ 2π . (6)
The flat metric in this coordinates takes the form
ds2 =
α2
B2
(
dη2 + sinh2 ηdψ2 + dθˆ2 + sin2 θˆdφ2
)
. (7)
In these coordinates the surface of constant η = η0 is a
torus T 3 and one has
α =
√
a2 − b2 , cosh η0 = a/b . (8)
Introducing new coordinates y = cosh η ans x = cos θˆ
one can also write the metric (7) in the form [7]
ds2 =
α2
(y − x)2
[
dy2
y2 − 1 + (y
2 − 1)dψ2
+
dx2
1− x2 + (1 − x
2)dφ2
]
. (9)
The points with η < η0 lie in the exterior of T 3. The
induced geometry on the 3-surface η = η0 is
ds2 =
a2 − b2
(a− b cos θˆ)2
[(a2 − b2)dψ2 + b2(dθˆ2 + sin2 θˆdφ2)] .
(10)
This metric has 2 Killing vectors, ∂φ and ∂ψ. The first
one has 2 sets of fixed points, θ = 0 and θ = π, which are
circles S1. The second Killing vector, ∂ψ does not have
fixed points. The 3-volume of the torus T 3 is 8π2ab2.
Since the sections ψ =const are round spheres, instead
of θˆ it is convenient to use another coordinate, θ ∈ [0, π],
sin θ =
√
a2 − b2 sin θˆ
a− b cos θˆ
. (11)
Using this coordinate one can rewrite the metric (10) in
the form
ds2 = (a+ b cos θ)2dψ2 + b2(dθ2 + sin2 θdφ2) . (12)
Once again we can easily see that the surfaces of constant
θ are flat tori T 2 except for θ = 0 or θ = π, which are
circles. The surfaces of constant ψ are 2-spheres whereas
the surfaces of constant φ are 2-tori.
Sometimes it is convenient to consider special foliations
of T 3 [20]. This foliation is a kind of ”clothing” worn on
a manifold, cut from a stripy fabric. These stripes are
called plaques of the foliation. On each sufficiently small
piece of the manifold, these stripes give the manifold a
local product structure. This product structure does not
have to be consistent outside local patches, a stripe fol-
lowed around long enough might return to a different,
nearby stripe. As an example for foliations let us con-
sider the manifold R3. The foliations are generated by
two dimensional leaves or plaques with one co-ordinate
as constant. That is, the surfaces z = constant, would
be the plaques of the foliations and in this case there is
a global product structure. Similarly one can consider
the foliations of S2 × S1. Fig.(1) shows the transverse
Reeb foliations of the cylindrical section of S2 × S1 [20].
We can see the the stacking of spherical shaped plaques
giving rise to the cylindrical section.
III. GEOMETRY OF 3-DIMENSIONAL SPACE
WITH 2 ORTHOGONAL COMMUTING KILLING
VECTORS
As we shall see both metrics of the horizon surface
of a 5D black ring and a black hole with one rotation
parameter can be written in the form
ds2H = f(ζ)dζ
2 + g(ζ)dφ2 + h(ζ)dψ2 . (13)
Here f , g and h are non-negative functions of the co-
ordinate ζ. One can use an ambiguity in the choice of
the coordinate ζ to put f = 1. For this choice ζ has
the meaning of the proper distance along ζ-coordinate
3FIG. 1: This picture shows the transverse Reeb folia-
tions of the cylindrical section of S2×S1. The two dimen-
sional spherical shaped stripes or ‘plaques’ are stacked giv-
ing rise two a cylindrical section of the 3-torus. (courtesy:
http://kyokan.ms.u-tokyo.ac.jp)
line. We call such a parametrization canonical. The co-
ordinates φ and ψ have a period of 2π and ζ ∈ [ζ0, ζ1]. ∂φ
and ∂ψ are two mutually orthogonal Killing vectors. If
g(ζ) (h(ζ)) vanishes at some point then the Killing vector
∂φ (∂ψ) has a fixed point at this point. The metric (13)
does not have a cone-like singularity at a fixed point of
∂φ if at this point the following condition is satisfied
1
2
√
hf
dh
dζ
= 1 . (14)
A condition of regularity of a fixed point of ∂ψ can be
obtained from (14) by changing h to g.
By comparing the metric (13) with the metric for the
3-sphere (3) one can conclude that (13) describes the
geometric of a distorted 3D sphere if g and h are positive
inside some interval (ζ1, ζ2), while g vanishes at one of its
end point (say ζ1) while h vanishes at the other (say ζ2).
Similarly, by comparison (13) with (12) one concludes
that if for example g is positive in the interval (ζ1, ζ2)
and vanishes at its ends, while h is positive everywhere on
this interval, including its ends, the metric (13) describe
a topological torus.
For the metric (13), the non-vanishing components of
the curvature tensor are,
Rζφζφ =
g′(fg)′
4fg
− 1
2
g′′ , (15)
Rζψζψ =
h′(fh)′
4fh
− 1
2
h′′ , (16)
Rφψφψ = −g
′h′
4f
. (17)
Here (′) denotes the differentiation with respect to co-
ordinate ζ.
Denote by eia (i, a = 1, 2, 3) 3 orthonormal vectors and
introduce the Gauss curvature tensor as follows
Kab = −Rijkleiaejbekaelb . (18)
The componentKab of this tensor coincides with the cur-
vature in the 2D direction for the 2D plane spanned by
eia and e
j
b. One has
3∑
b=1
Kab = Rije
i
ae
j
a ,
3∑
a=1
3∑
b=1
Kab = R . (19)
For the metric (13) the directions of the coordinate line
θ, φ and ψ are eigen-vectors ofKab and the corresponding
eigen-values are Ka
Kψ =
Rζφζφ
fg
, Kφ =
Rζψζψ
fh
, Kζ =
Rφψφψ
gh
. (20)
These quantities are the curvatures of the 2D sections
orthogonal to ψ, φ, and ζ lines, respectively. For brevity,
we call these 2D surfaces ψ-, φ- and ζ-sections.
For the unit sphere S3, from (3) one can easily see that
Kψ = Kφ = Kθ = 1. (21)
However for the torus S2 × S1, from (12) we have
Kψ =
1
b2
; Kφ = Kθ =
cos θ
b(a+ b cos θ)
. (22)
Thus we see that Kψ always remains positive, while Kφ
and Kθˆ is positive in the interval (0 ≤ θ < π/2). Thus
the equitorial plane (θ = π/2), divides the torus in two
halves, one in which all the sectional curvatures are pos-
itive while the other has two of the sectional curvatures
negative. In fact the surface θ = π/2 is topologically
S1 × S1 with the metric,
ds2 = a2dψ2 + b2dφ2 (23)
The equations (19) imply
Rζζ = Kφ+Kψ , R
φ
φ = Kψ+Kζ , R
ψ
ψ = Kζ+Kφ . (24)
R = 2(Kζ +Kφ +Kψ) . (25)
From the above expression it is clear that Kψ < 0 if
g′ and ln[fg/(g′)2]′ have the opposite signs. Similarly
Kφ < 0 imply h
′ and ln[fh/(h′)2]′ have opposite sign.
For Kζ < 0, g
′ and h′ must have the same sign.
Let us consider now Euler characteristics of the two di-
mensional sections of the horizon surface. We denote by
χa the Euler characteristic for the 2-surface x
a =const.
By using the Gauss Bonnet theorem we have,
2πχa =
∫ ∫
M
KadA+
∫
∂M
kgds . (26)
Here dA is the element of area on the surface and kg is the
geodesic curvature on the boundary. If the surface has no
boundary or the boundary line is a geodesic, then the last
4term vanishes. For the metric (13) simple calculations
give
2πχψ = −π
[
g′√
fg
]ζ1
ζ0
+
∫
∂M
kgds , (27)
2πχφ = −π
[
h′√
fh
]ζ1
ζ0
+
∫
∂M
kgds , (28)
χζ = 0 . (29)
Thus we see that the Gaussian curvatures of sections,
completely describe the topology and geometry of the
3-horizons.
IV. A 5D ROTATING BLACK HOLE WITH
ONE ROTATION PARAMETER
A. Volume and shape of the horizon surface
For the 5 dimensional MP black hole with a single pa-
rameter of rotation, the induced metric on the horizon is
[1],
ds2 = r20ds
2
H , (30)
ds2H = f(θ)dθ
2 +
sin2 θ
f(θ)
dφ2 + (1 − α2) cos2 θdψ2 . (31)
Here f(θ) = (1 − α2 sin2 θ) and r0 is length parameter
related with the mass M of the black hole as
r20 =
8
√
πGM
3
(32)
The metric (31) is in the Hopf coordinates and hence
the co-ordinate θ varies from 0 to π/2. The rotation is
along the φ direction. The quantity α = |a|/r0 charac-
terize the rapidity of the rotation. It vanishes for a non-
rotating black hole and take the maximal value α = 1
for an extremely rotating one. In what follows we put
r0 = 1, so that α coincides with the rotation parameter.
Different quantities (such as lengths and curvature com-
ponents) can be easily obtained from the corresponding
dimensionless expressions by using their scaling proper-
ties.
For α = 0 the horizon is a round sphere S3 of the
unit radius. In the presence of rotation this sphere is
distorted. Its 3-volume is V3 = 2π
2
√
1− α2. In the lim-
iting case of an extremely rotating black hole, α = 1, V3
vanishes.
The coordinate lines of φ and ψ on this distorted sphere
are remain closed circles. The length of the circle corre-
sponding to the φ-coordinate changes from 0 (at θ = 0)
to its largest value (at θ = π/2)
lφ =
2π√
1− α2 . (33)
3
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FIG. 2: Lengths lψ (1), lθ (2) and lφ (3) as the functions of
the rotation parameter α
Similarly, the length of the circles connected with ψ-
coordinate changes from its maximal value (at θ = 0)
lψ = 2π
√
1− α2 (34)
to 0 at θ = π/2. A line φ, ψ =const on the disported
sphere is again a geodesic.
lθ = 4E(α) . (35)
The lengths lψ, lθ and lφ as the functions of the ro-
tation parameter α are shown at figure 2 by the lines 1,
2, and 3, respectively. All these lines start at the same
point (0, 2π). In the limit of the extremely rotating black
hole (α = 1) the horizon volume vanishes, lψ = 0, lθ = 4,
and lφ infinitely grows.
B. Gaussian curvature
Calculations of the eigen-values Ka of the Gaussian
curvatures give
Kψ =
[1− α2(1 + 3 cos2 θ)]
f(θ)3
, Kφ = Kθ =
1
f(θ)2
. (36)
From these relations it follows that the quantity Kψ is
negative in the vicinity of the ‘pole’ θ = 0 for 1/2 < α <
1, while the other two quantities, Kθ and Kφ are always
positive. This is similar to the 4D Kerr black hole where
the Gaussian curvature of the two dimensional horizon
becomes negative near the pole for α > 1/2. This is not
surprising since the 2D section ψ =const of the metric is
isometric to the geometry of the horizon surface of the
Kerr black hole.
The Ricci tensor and Ricciscalar for the metric on the
5surface of the horizon of 5D black hole are
Rθθ = R
φ
φ =
2[1− α2(1 + cos2 θ)]
f(θ)3
, (37)
Rψψ =
2
f(θ)2
, R =
2[3− α2(3 + cos2 θ)]
f(θ)3
. (38)
The components of Ricci tensor Rθθ and R
φ
φ becomes neg-
ative for certain values near the ‘pole’ θ = 0, when
α > 1/
√
2, while the Ricci scaler is negative when
α >
√
3/4.
It is interesting to note that the surfaces of constant φ
or constant ψ are topologically disks with Euler Charac-
teristics equal to unity. The boundary of these disks are
on θ = π/2. It is easy to check from equations (27) and
(28) that boundary terms of Gauss Bonnet equation van-
ishes on this boundary. This shows the boundary, which
is the equatorial line on the deformed hemisphere, is a
geodesic of the induced metric. Another important point
is, while approaching the naked singularity limit (α = 1),
the Gaussian curvatures of all the three sections, as well
as the negative Ricciscalar blows up along the ‘equator’
(θ = π/2). This shows the extreme flattening of the hori-
zon along equatorial plane, before the horizon shrinks to
zero volume.
V. EMBEDDING
A. Embedding of the horizon in 5D
pseudo-Euclidean space
Let us discuss now the problem of the embedding of
the horizon surface of a rotating 5D black hole into a flat
space. We start by reminding that a similar problem for
a 4D (Kerr) black hole was considered long time ago by
Smarr [12]. He showed that if the rotation parameter of
the Kerr metric α < 1/2, then 2D surface of the horizon
can be globally embedded in E3 as a rotation surface. For
α > 1/2 such an embedding is possible if the signature
of the 3D flat space is (−,+,+). In a recent paper [13]
there was constructed a global embedding of the horizon
of a rapidly rotating black hole into E4.
Since the 3D surface of a rotation 5D black hole has
2 commuting orthogonal Killing vectors it is natural to
consider its embedding into the flat space which has at
least two independent orthogonal 2-planes of the rota-
tion. In this case the minimal number of the dimensions
of the space of embedding is 5. We write the metric in
the form
dS2 = εdz2 + dx21 + dx
2
2 + dy
2
1 + dy
2
2 , (39)
where ε = ±1. By introducing polar coordinates (ρ, φ)
and (r, ψ) in the 2-planes (x1, x2) and (y1, y2), respec-
tively, we obtain
dS2 = εdz2 + dρ2 + ρ2dφ2 + dr2 + r2dψ2 . (40)
Using µ = cos θ as a new coordinate one can rewrite the
metric on the horizon (31) in the form
ds2 = fdµ2 + ρ2dφ2 + r2dψ2 , (41)
f =
1− α2µ2
1− µ2 , ρ =
µ√
1− α2µ2
, (42)
r =
√
(1− α2)(1− µ2) . (43)
Assuming that z is a function of µ, and identifying ρ and
r in (40) with (43) one obtains the metric (41) provided
the function z(µ) obeys the equation
(
dz
dµ
)2
= ε
[
f −
(
dρ
dµ
)2
−
(
dr
dµ
)2]
. (44)
By substituting (43) into (44) one obtains
(
dz
dµ
)2
= ε
α2µ2(3α2µ2 − α4µ4 − 3)
(1− α2µ2)3 . (45)
It is easy to check that for |α| ≤ 1 and 0 ≤ µ ≤ 1 the
expression in the right hand side of (45) always has the
sign opposite to the sign of ε. Thus one must choose
ε = −1 and one has
z =
1
2α
∫ 1
√
1−α2µ2
dy
y3/2
√
1 + y + y2 . (46)
Let us emphasize that this result is valid both for the
slowly and rapidly rotating black holes.
B. Global embedding into E6
1. Construction of an embedding
It is possible, however, to find a global isometric em-
bedding of the 3-horizon of a rotating black hole in a
flat space with positive signature, if the number of di-
mensions is 6. This embedding is analogues to the one
discussed in [13] for the rapidly rotating Kerr black hole.
Let us denote by Xi, (i = 1...6) the Cartesian co-
ordinates in E6. We write the embedding equations in
the form
Xi =
η(θ)
ρ0
ni(φ˜) , (i = 1, 2, 3) , (47)
X4 = ν(θ) cosψ , X5 = ν(θ) sinψ , X6 = χ(θ) . (48)
Here the functions ni obey the condition
3∑
i=1
(ni(φ˜))2 = 1 . (49)
In other words, the 3D vector ni as a function of φ˜ de-
scribes a line on the unit round sphere S2. We require
6this line to be a smooth closed loop (n(0) = n(2π)) with-
out self interactions. We denote
ρ(φ˜) =
[
3∑
i=1
(ni
,φ˜
)2
]1/2
. (50)
Then dl = ρ(φ˜)dφ˜ is the line element along the loop. The
total length of the loop is
l0 = 2πρ0 =
∫ 2π
0
ρ(φ˜)dφ˜ . (51)
We define a new co-ordinate φ as
φ =
1
ρ0
∫ φ˜
0
ρ(φ˜)dφ˜ . (52)
It is a monotonic function of φ˜ and has the same period
2π as φ˜. The induced metric for the embedded 3D surface
defined by (47) and (48) becomes
ds2 =
[
η,θ
2
ρ20
+ ν,θ
2 + χ,θ
2
]
dθ2 + η2dφ2 + ν2dψ2 . (53)
Now comparing equations (31) and (53) we get
η(θ) =
sin θ√
1− α2 sin2 θ
, ν(θ) =
√
1− α2 cos θ ,(54)
χ(θ) =
∫ θ
0
cos θ
√[
1− 1
ρ20(1 − α2 sin2 θ)3
]
dθ . (55)
We choose the functions ni in such a way that
ρ20 ≥
1
(1 − α2)3 , (56)
so that the function χ(θ) remains real valued for all θ
and hence we can globally embed the horizon in E6.
2. A special example
To give an explicit example of the above described em-
bedding let us put
n1 =
cos φ˜
F
, n2 =
sin φ˜
F
, n2 =
a sin(Nφ˜)
F
, (57)
F =
√
1 + a2 sin2(Nφ˜) . (58)
Here N ≥ 1 is a positive integer. For this choice the value
of ρ0 is
ρ0 =
1
2π
∫ 2π
0
√
a2 cos2(φ˜)(N2 − 1) + a2 + 1
1 + a2 sin2(φ˜)
dφ˜ . (59)
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FIG. 3: ρ0 as a function of a for the values of N from 2 (line
2) to 7 (line 7)
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FIG. 4: ρ0 as a function of N for a = 10.
For N = 1 ρ0 = 1. For N > 1 the above integral can be
exactly evaluated to give
ρ0 =
2
π
k1
[
N2Π(a2k21 , ik2)− (N2 − 1)K(ik2)
]
,(60)
k1 =
1√
1 + a2
, k2 = a
√
N2 − 1
1 + a2
. (61)
HereK and Π are elliptic integrals of first and third kind,
respectively. For a fixed value of N ρ0 is monotonically
growing function of a (see Fig. 3). For a fixed value of
a the value of ρ0 increases monotonically with N (see
Fig. 4). The asymptotic form of ρ0 for large values of a
can be easily obtained as follows. Notice that for large
a the denominator in the integral (59) is large unless φ˜
is close to 0, π, or 2π. Near these points cos φ˜ can be
approximated by 1, and the expression for ρ0 takes the
form
ρ0 ≈ aN
2π
∫
dφ˜
1 + a2 sin2 φ˜
=
aN√
1 + a2
. (62)
Using these properties of ρ0, one can show that for
large enough values of N and a the quantity ρ0 can be
made arbitrary large, so that the condition (56) is sat-
isfied and we have the global embedding of the horizon
surface for any α < 1.
7VI. A 5D ROTATING BLACK RING
A. Horizon surface of a black ring
Now we consider properties of horizon surfaces of sta-
tionary black strings in an asymptotically 5D flat space-
time [4]. In this paper we would only consider the bal-
anced black ring in the sense that there are no angular
deficit or angle excess causing a conical singularity. The
ring rotates along the S1 and this balances the gravita-
tional self attraction. The metric of the rotating black
ring is [5, 6]
ds2 = −[F (x)/F (y)]
[
dt+ r0
√
2ν√
1 + ν2
(1 + y)dψ˜
]2
+
r20
(x− y)2
[
−F (x)
(
G(y)dψ˜2 + [F (y)/G(y)]dy2
)
+F (y)2
(
[dx2/G(x)] + [G(x)/F (x)]dφ2
)]
, (63)
where
F (ζ) = 1− 2ν
1 + ν2
ζ , G(ζ) = (1− ζ2)(1− νζ) . (64)
The quantity r0 is the radius scale of the ring. The pa-
rameter ν ∈ [0, 1] determines the shape of the ring. The
coordinate x changes in the the interval −1 ≤ x ≤ 1 ,
while y−1 ∈ [−1, (2ν)/(1+ν2)]. The black ring is rotating
in ψ˜-direction. The positive ‘y’ region is the ergosphere
of the rotating black ring while the negative ‘y’ region
is lies outside the ergosphere with the spatial infinity at
x = y = −1.
The metric (63) has a co-ordinate singularity at y =
1/ν. However after the transformation
dψ = dψ˜ + J(y)dy ,
dv = dt− r0
√
(2)ν√
1 + ν2
(1 + y)J(y)dy , (65)
with J(y) =
√
−F (y)/G(y), the metric is regular at y =
1/ν. In these regular coordinates one can show that the
surface y = 1/ν is the horizon.
The induced metric on the horizon of a rotating black
ring is given by
ds2 = r20ds
2
H , (66)
ds2H =
p
k(θ)
[
dθ2
k(θ)2
+
sin2 θdφ2
l(θ)
]
+ ql(θ)dψ2 , (67)
k(θ) = 1 + ν cos θ , l(θ) = 1 + ν2 + 2ν cos θ , (68)
p =
ν2(1− ν2)2
1 + ν2
, q = 2
1 + ν
(1− ν)1 + ν2 . (69)
In this metric the co-ordinates φ and ψ have a period of
2π and θ ∈ [0, π]. θ = 0 is the axis pointing outwards (i.e
increasing S1 radius), while θ = π points inwards. The
volume of the horizon surface for the metric (67) is
V = 8
√
2π2ν2
√
1− ν
[ √
1 + ν√
1 + ν2
]3
. (70)
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FIG. 5: λθ1 and λθ2 as a function of ν.
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FIG. 6: λφ1 and λφ2 as a function of ν.
B. Gaussian curvature
The metric (67) is of the form (13), so that one can
apply to it the results of Section III. For example, its
Gaussian curvatures has the following eigen-values (i =
ψ, φ, θ)
Ki =
k(θ)2Fi(cos θ)
2ν(1− ν2)2(1 + ν2)l(θ)2 , (71)
where the functions Fi = Fi(ζ) are defined as follows
Fψ = ν(3 + ν
2)ζ2 + 2(ν4 + ν2 + 2)ζ + 2ν−1 − ν + 3ν3 ,
Fφ = 8ν
2ζ3 + ν(5ν2 + 7)ζ2 + 2(1− ν2)ζ − ν(3ν2 + 1) ,
Fθ = ν
3ζ2 + (6ν2 + 3ν + 2)ζ + ν(3 + ν2) . (72)
From the above equations it is clear that for any value
of ν and θ the Gaussian curvature of the ψ-sections, (i.e
Kψ), always remains positive. This is absolutely similar
to the flat torus case as described by (22). The sign of
Gaussian curvatures for other two sections, Kφ and Kθ,
depend on the values of ν and θ. For example, for θ = 0,
both these curvatures are positive for all values of ν. But
as we increase θ, Kφ becomes negative for higher values
of ν and ultimately when θ = π/2 it becomes negative
for all ν and continue to be negative till θ = π. On the
other hand Kθ remains positive and grows with ν for all
ν till θ = π/2, then starts becoming negative for higher
values of ν and ultimately becomes negative for all ν at
θ = π.
8Let us emphasize that, because of the distortions due
to the rotation, both Kφ and Kθ do not become negative
at the same value of θ as it was for the flat torus case.
To get an invariant measure of distortion produced due
to rotation, let us define two invariant lengths in the fol-
lowing way. Let θ = θi (i = θ, φ), be the point where
Fi(cos θ) vanishes. Then the two invariant lenghts are,
λi1 = 2
√
p
∫ θi
0
dθ√
k(θ)
3
, λi2 = 2
√
p
∫ π
θi
dθ√
k(θ)
3
. (73)
It is easy to check from (12) that in the case of flat tori we
have λi1 = λi2. However for the rotating black rings they
are different functions of the parameter ν. Figures 5 and
6 shows the invariant lenghts for (i = θ, φ) as function of
ν respectively. We see that for i = θ, λi2 < λi1 for small
ν. However as we increase ν the difference between them
reduces and ultimately at ν ≈ 0.615, λi2 overtakes λi1.
Whereas for i = φ, λi2 is always greater than λi1.
It is evident that both ψ- and φ-sections are closed and
do not have a boundary. Calculating the Euler numbers
for these surface we get
χψ = 2 , χφ = 0 . (74)
This shows that the ψ-section is a deformed 2-sphere with
positive Gaussian curvature. Its rotation in the ψ direc-
tion generates the horizon surface of the rotating black
ring.
C. Kaluza-Klein Reduction of Rotating Black Ring
The absence of the cone-like singularities in the black
ring solution (63) is a consequence of the exact balance
between the gravitational attraction and the centrifugal
forces generated by the ring’s rotation. We discuss the
effects connected with the ring rotation from a slightly
different point of view. Let us write the metric (63) in
the following Kaluza-Klein form (see e.g. [19])
ds25 = Φ
−
1
3
[
hαβdx
αdxβ +Φ(Atdt+ dφ)
2
]
. (75)
The 4D reduced Pauli metric in this space is (a, b =
0, . . . , 3)
ds24 = habdx
adxa = Φ
1
3
[
gabdx
adxb − ΦA2tdt2
]
. (76)
Here gab is the four dimensional metric on the ψ˜-section
of the 5D black ring. By the comparison of (75) and (76)
one has
Φ
2
3 = ξ2
ψ˜
= −F (x)
F (y)
L(x, y) , (77)
At =
(ξt.ξψ˜)
ξ2
ψ˜
=
√
2ν√
1 + ν2
(1 + y)
L(x, y)
, (78)
L(x, y) =
[
2ν2
1 + ν2
(1 + y)2 +
F (y)G(y)
(x − y)2
]
, (79)
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FIG. 7: ln(Φ) as a function of x and z = 1/y for ν = 2/3.
where ξt = ∂t, ξψ˜ = ∂ψ˜ and ξφ = ∂φ are the Killing vec-
tors of (75). The quantities ln(Φ) and At can be inter-
preted as a dilaton field and a ‘electromagnetic potential’
in the 4D spacetime.
The horizon for the 4D metric (76) is defined by the
condition
htt = ξ
2
t − (ξ2ψ˜)−1(ξt.ξψ˜)2 = 0 . (80)
It is easy to show that this condition is equivalent to the
condition defining the horizon of the 5D metric. Thus
both horizons are located at y = 1/ν.
To summarize, the 4D metric (76) obtained after the
reduction describes a static 4D black hole in the pres-
ence of an external dilaton and ‘electromagnetic’ field.
The dilaton field lnΦ (as well as the metric (76)) has a
singularity at the points where ξ2
ψ˜
either vanish (at the
axis of symmetry, x = 1, y = −1) or infinitely grows (at
the spatial infinity, x = y = −1) (see Fig. 7). Outside
these regions the dilaton field is regular everywhere in-
cluding the horizon where it takes the value
ΦH =
[
2
1 + ν2
(
1 + ν
1− ν
)
l(θ)
] 3
2
(81)
The ‘electromagnetic field strength’, which has non
zero components
Ftx = −At,x , Fty = −At,y , (82)
is regular everywhere and vanishes at the spatial infin-
ity. However the F 2 = FabF
ab invariant is well defined
throughout the space time but drops (towards negative
infinity) at the axis of symmetry. Figure 8 illustrates the
behavior of the invariant F 2 for ν = 2/3.
The metric ds21 on 2D horizon surface for the reduced
metric (76) is conformal to the metric ds20 of 2D section
ψ˜ =const of the black ring horizon, (67). These metrics
are of the form (k = k(θ), l = l(θ))
ds2ǫ = Φ
ǫ/3
H
p
k
[
dθ2
k2
+
sin2 θdφ2
l
]
, ǫ = 0, 1 . (83)
Both metrics, ds2ǫ can be embedded in E
3 as rotation
surfaces. The embedding equations are
X1 = mβ cosφ; X2 = mβ sinφ; X3 = mγ , (84)
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FIG. 8: The invariant F 2 as a function of x and z = 1/y
for ν = 2/3. It can be seen that it is well defined everywhere
but drops (towards negative infinity) at the axis of symmetry,
x = 1, y = −1.
FIG. 9: The embedding diagrams for the metrics ds20 (to the
left) and ds21 (to the right) for ν = 2/3.
where,
β = k−1/2l−1/2+ǫ/4 sin θ ,
γ =
∫ θ
0
(k−3lǫ/2 − β2,θ)1/2 dθ,
m =
√
p
[
2
1 + ν2
(
1 + ν
1 − ν )
]ǫ
. (85)
The embedding diagrams for the metrics ds20 and ds
2
1
are shown in figure 9 by the left and right plots, respec-
tively. Both rotation surfaces are deformed spheres. The
surface with the geometry ds21 is more flattened at poles.
VII. DISCUSSION
In this paper we discussed and analyzed the surface ge-
ometry of five dimensional black hole and black rings with
one parameter of rotation. We found that the sectional
Gaussian curvature and the Ricci scalar of the horizon
surface of the 5D rotating black hole are negative if the
rotation parameter is greater than some critical value,
similarly to the case of 4D the Kerr black hole. However
there is an important difference between the embeddings
of the horizon surfaces of 5D and 4D black holes in the
flat space. As was shown in [12], a rotating 2-horizon can
be embedded as a surface of rotation in a 3-dimensional
Euclidean space only when the rotation parameter is less
than the critical value. For the ‘super-critical’ rotation
the global embedding is possible either in 3D flat space
with the signature if the metric (−,+,+) [12] or in E4
with the positive signature [13]. For the 5D black hole
for any value of its rotation parameter the the horizon
surface cannot be embedded in 5D Euclidean space as a
surface of rotation. Such an embedding requires that the
signature of the flat 5D space is (−,+,+,+,+). How-
ever we found a global embedding of this surface in 6D
Euclidean space.
We calculated the surface invariants for the rotating
black ring and analyzed the effect of rotation on these
invariants. Finally we considered the Kaluza-Klein re-
duction of rotating black ring which maps its metric onto
the metric of 4D black hole in the presence of external
dilaton and ‘electromagnetic’ fields. Under this map, the
horizon of the 5D black ring transforms into the hori-
zon of 4D black hole. The ‘reduced’ black hole is static
and axisymmetric. Distorted black holes in the Einstein-
Maxwell-dilaton gravity were discussed in [23]. This pa-
per generalizes the well known results of [21, 22] for vac-
uum distorted black holes. It would be interesting to
compare the ‘reduced’ distorted black hole discussed in
this paper with solutions presented in [23].
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